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In this paper, we study the scattering problem of the scalar wave in the traversable Lorentzian 
wormhole geometry. The potentials and Schrodinger-like equations are found in cases of the static 
uncharged and the charged wormholes. The differential scattering cross sections are determined by 
the phase shift of the asymptotic wave function in low frequency limit. It is also found that the 
cross section for charged wormhole is smaller than that for uncharged case by the reduction of the 
throat size due to the charge effect. 
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I. INTRODUCTION 



The wormhole has the structure which is given by 
two asymptotically flat regions and a bridge connect- 
ing two regions jy. For the Lorentzian wormhole to be 
traversable, it requires exotic matter which violates the 
known energy conditions. To find the reasonable mod- 
els, there had been studying on the generalized models 
of the wormhole with other matters and/or in various 
geometries. Among the models, the matter or wave in 
the wormhole geometry and its effect such as radiation 
are very interesting to us. The scalar field could be con- 
sidered in the wormhole geometry as the primary and 
auxiliary effects Recently the solution for the elec- 
trically charged case was also found [3]. Scalar wave 
solutions in the wormhole geometry [09] was in special 
wormhole model only the transmission and reflection co- 
efficients were found. The electromagnetic wave in worm- 
hole geometry is recently discussed along the method 
of scalar field case. These wave equations in wormhole 
geometry draws attention to the research on radiation 
and wave. Also there was a suggestion that the worm- 
hole would be one of the candidates of the gamma ray 
bursts @. 

For the gravitational radiation in any forms, the scat- 
tering problem to calculate the cross section in more gen- 
eralized models of wormhole should be considered. Thus 
the study of scalar, electromagnetic, gravitational waves 
in wormhole geometry is necessary to the research on the 
gravitational radiation. 

In this paper, we study the scalar wave in static un- 
charged and charged wormhole and find the differential 
scattering cross sections. We also compare the results 
each other in both cases to see the charge effect on scat- 
tering problem. Here we adopt the geometrical unit, i.e., 
G = c = h=l. 
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II. STATIC UNCHARGED WORMHOLE 

The spacetime metric for static uncharged wormhole 
is given as 



ds 2 = -e 2A ^dt 2 



dr 2 



1 -b{r)/r 



r 2 (d0 2 + sin 2 



(2.1) 



where A(r) is the lapse function and b(r) is the wormhole 
shape function. They are assumed to be dependent on r 
only for static case. 

The wave equation of the minimally coupled massless 
scalar field is given by 
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(2.2) 



In spherically symmetric space-time, the scalar field can 
be separated by variables, 



4>; 



m(r, t) 



(2.3) 



where Yi m (9, <f>) is the spherical harmonics and / is the 
quantum angular momentum. 

If I = and the scalar field $(r) depends on r only, 
the wave equation simply becomes the following relation 
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b , d 
r dr 



- " $ = A = const. 



(2.4) 



In this relation, the back reaction of the scalar wave on 
the wormhole geometry is neglected. Thus the static 
scalar wave without propagation is easily found as the 
integral form of 



$ = A 



e- A r- 2 [ 1 



-1/2 



dr. 



(2.5) 
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The scalar wave solution was already given to us for the 
special case of wormhole in Ref . |||| ■ 

More generally, if the scalar field $ depends on r and t, 
the wave equation after the separation of variables (9, <p) 
becomes 



d 2 u t 
dr 2 



Vi ui, 



(2.6) 



where the potential is 



Vi(r) = -je 




(2.7) 



and the proper distance r» has the following relation to 
r: 
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dr* 
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r or 



(2.8) 



Here, L 2 = 1(1 + 1) is the square of the angular momen- 
tum. 

The properties of the potential are determined by the 
shape of it, if only the explicit forms of A and b are 
given. If the time dependence of the wave is harmonic as 
ui(r,t) = ui(r, Lo)e~ lut , the equation becomes 



— +u; 2 -V l (r) ) &,(r,w) = 0. 



(2.9) 



It is just the Schrodinger equation with energy to 2 and 
potential Vi(r). When e 2A is finite, Vi approaches zero 
as r — > oo, which means that the solution has the form 
of the plane wave ui ~ e ± wr * asymptotically. The result 
shows that if a scalar wave passes through the wormhole 
the solution is changed from e ±lujr into e ±lujr * , which 
means that the potential affects the wave and experience 
the scattering. As r — ► 6(near throat), the potential has 
the finite value of V, ~ e 2A W '('+i)+i/2 _ 

As the simplest example for this problem, we consider 
the special case (A = 0, b = b^/r) as usual, the potential 
should be in terms of r or r* as 
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Vi _ l(l + 1) b 2 or 1(1 + 1) 

' r 2 r 4 rl + b 2 (r 2 +b 2 ) 2 ' 1 ' 



where the proper distance r* is given by 
1 



dr = \l r 2 — b\. 



(2.11) 



This is the hyperbolic relation between r* and r which is 
plotted in Fig. 4. The potentials are depicted in Fig. 1. 
The potential has the maximum value as 

VKOImax = VKrOlmax = V| (6 ) = ^ + }} + 1 ■ (2.12) 
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FIG. 1. Plot of the potentials of the specified wormhole 
b — bg/r for I = 1, 2, 3. Here we set 6o = 1- 



Nowwe can see the characteristics of the potential 
Eq. ( [2.10] ) in the specified limits. When I = 0, the po- 
tential and its asymptotic value are 



V t (r*) 



h 2 



(2.13) 
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When I ^> 1, the potential and its asymptotic value are 



Vi(n) 



;2 72 



(2.14) 



As r* — > oo(r 2 3> 6§) independently of the value of /, the 
potential has the asymptotic value as 



Z(Z + 1) [l(l + l)-l]b 2 



(2.15) 



From the potential Eq. ( 2.10 ), the transmission coeffi- 
cient can be calculated by WKB approximation as 



ITT 



exp —2 



a+ ( '1(1 + 1) 



rl + b 2 (rl+b 2 ) 2 




(2.16) 



where the upper and lower integration limits a+ and a_ 
are 



a± = ± l-b* + 



, , 1(1 + 1) , v^W+4p 



2w 2 



2w 2 



1/2 



(2.17) 



The transmission coefficient means the probability that 
the scalar wave can pass through the throat of the worm- 
hole, even though it does not have enough energy to over- 
come the potential. A few transmission coefficients are 
depicted in Fig. 2. 

For large I, it becomes 



^l 2 + L0 2 b 2 + I 



(2.18) 
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FIG. 2. The ^-dependency of for the specified 

wormhole b = bg/r for / = 5, 10, 15. Here we set bo = 1. 



When I = 0, it is exactly given as 
| T |2 = e -AH ) 

where 
A(cj) 



(2.19) 



6o 



r(i)r(|) 
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r(-i)r(|) 



(2.20) 



Here p F g ({ai, • • • , a p }, {bi, • • • , z) is the generalized 
hypergeometric function. 

For more deep understanding on scattering problem, 
we should find the differential cross section. Since we 
discuss the low frequency case similar to the black hole 
case H , we approach the problem with the different def- 
inition of $ by using R(r,t) instead of ui(r,t)/r unlike 
Eq. (O) as 



$ = R(r,t)Y (6 ,(/>). 
The equation, in terms of R, becomes 



(2.21) 



-e-^r 2 R+e-\ ll - e A Jl - - r 2 ^R 



r dr 
= l(l + l)R. 
The equation can be rewritten as 



r dr 



(2.22) 



d , dR 
— A — 

dr dr 



(r 2 u 2 ) 2 



1(1 + 1) 



R = 0, 



(2.23) 



where A = e A \ 1 1 



b„2 



If we set R = A^ 1 / 2 u 1 the first 



term of the equation Eq. (2.23) should be 



1 1 f dA 



dr dr dr 2 \ 4 A 2 V dr 



1 1 d 2 A 

2 ATP" 



(2.24) 



Thus the equation Eq. (2.23) becomes as 



fu ( (r 2 uj 2 ) 2 
dr 2 



1(1 + 1) 



1 1 /dA 



A y/l - b/r 4 A V dr 

ld 2 A\ u 



2 dr 2 / A 



(2.25) 



For example, A = 0, b — b^/r like the potential prob- 
lem, then A should be 



A = 



(2.26) 



The equation Eq. (2.25) is expanded in power of r as 



dr 2 



uj 2 b 2 - 1(1 + 1) 2 UJ 2 b 2 + \- 1(1 + 1) 



+0(r- 6 ))u ~ 0. 



(2.27) 



As r — ► oo neglecting the terms 0(r 4 ), the equation 
becomes 



dr 2 



uj 2 b 2 1(1 + 1) 



u ~ 0. 



(2.28) 



When the frequency is enough low for being as w 2 6q < 
1(1 + 1), the scattering is elastic and the solution to the 
equation is 

ui u = rj\(ur). (2.29) 
Here A(A + 1) = 1(1 + 1) - uj 2 b 2 or A = -\ + 



(I + j) 2 — uj 2 bQ and j\(r) is the spherical Bessel func- 
tion. The turning point is 



r T p 



*(* + !) h 2 



(2.30) 



When u) 2 b\ > 1(1 + 1), there is a total a bsorp tion and no 
turning point. Since the solution Eq. (2.29) asymptoti- 
cally becomes 



1 • i n \\ 

uiu ~ — sm(wr - —A), 



(2.31) 



co ■ 2 

the phase shift of the wave function by the potential is 



(2.32) 



The phase shift Si is obviously positive, which means that 
the potential is attractive. The scattering amplitude in 
partial wave expansion is 



oo 

f(6) = -y"(2l + l)Pi(cos6)e tSl sinSi 

1,1 ' 



(2.33) 



If oj 2 b\ and <5; are very small, the scattering amplitude is 
given by 
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1 oo 



1=0 
2 



p i ( cos °) 



1=0 



sin ■ 



The relation 



2(21 + 1) 



(2.34) 



(2.35) 



is used for the secon d line. The equation ( |2.35|) is de- 
rived from Eq. (2.32) by using the fact that uj 2 b 2 <C 1. 
Therefore, the differential cross section is 



da 
dtt 



n 2 m 2 b 4 
16 sin 2 % 



In the case of very low frequency 



bou) term, the equation Eq. (2.28) becomes 

2 ^ + 1) 



cPu 
dr 2 



0, 



(2.36) 
oo neglecting 

(2.37) 



which means no scattering, since any term is not ap- 
peared except energy to 2 and centrifugal term. However, 
it is Coulomb scattering for black hole, since there is the 
term r _1 ||. The solution to the equation for black hole 
is 



(2.38) 



If we remain the te rm r 4 with low frequency approx- 
imation in Eq. ( 2.27 ), then 



an 



2 1(1 + 1) , u2 1/2-1(1 + 1) 



(2.39) 



The equation can be solved as the problem with an r~ 4 
potential. In this case, the cross section is given in most 
text books on quantum mechanics Jl(]] . In WKB approx- 
imation, the wave function has the asymptotic form of 



D sin 




where 



U(r) = 



6gp(I + 1) - 1/2] 



7 - (2-40) 



(2.41) 



The phase shift in this wave function should be 



5i = lim 




(1 + 1/2)* 



dr 



l/u 



Uir) [u> 2 -- 



2\ -V2 



b^uj-K 



(2.42) 



where U is assumed to be very small in asymptotic re- 
gion comparing to the two terms in the square root, even 
though / is defined as the large value. Here, the phase 
shift is neg ative and it is natural by the repulsive po- 
tential Eq. ( 2.41 ). With this phase shift, the differential 
cross section should be 



da 

dh 



16 sin 



2 B 



(2.43) 



This is restrictedly calculated in the limit of large angular 
momentum and small U . As we see, it is independent of 
u> and the ^-dependence is the same as that of the r~ 2 
potential case, Eq. 



III. CHARGED WORMHOLE 



The electrically charged wormholc is given by 



ds 2 = - f 1 + % ) dt 2 



bjr) 
r 



72- 1 



l (de 2 



sin 



(3.1) 



When Q = 0, this becomes the Morris- Thorne type 
wormhole spacetime JD and when 6 = 0, this becomes 
the Reissner-Nordstrom black hole with zero mass. If wc 
replace b — — by 6 G ff as 



Dcff 



(3.2) 



it self-consistently satisfies the field equations for the 



2/3 

wormholc without Q. When b = b^ p+1 r 2 ' J + 1 , the radius 
which limits the range of the wormhole becomes 



TO 



2/3 + 1 _ 

Q^bf 



(3.3) 



For the special case of (3 = — 1 or b = b^/r, Q 2 < 6q is the 
condition that is required for maintaining the wormhole 
under the addition of the charge. 

The metric for the charged case with scalar field is also 
given by |g 



ds 2 = -dt 2 



b(r) 



1 - 

+r 2 (d& 2 + sin 



dr 2 



r 



(3.4) 
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The substitution b — > b c g — b — ^ does not change the 
equation like the electrically charged case and a < fr 2 , is 
also the condition for being safe under the addition of 
scalar charge. 

To see the scalar wave in the charged wormhole, we 
first analyze the properties of the potential. In this case, 
only the following substitutions will be enough for the 
study: 



The potential form is compared with the case of Q 2 = 0, 
so that 



Vr 



max | Q 2 5^0 



l{l + l) 

(b%-Q 2 ) 
1(1 + 1 



b 2 



> 



(b 2 -Q 2 )J 1 (b 2 ~Q 2 ) 2 
|<P=o. (3-13) 



= V m 



,2A 



1 



Q 2 



and 



y e ff 



O 2 

(3.5) 
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For the special case of b = the proper length will 
be very complicated form as 



As we see in Eq. (3.13), the charge effect contract the 
throat size of wormhole and it causes the maximum of the 
potential to be increased. Since the term in the bracket 
of the following equation is positive for I > 1 in general, 
the potentials of both cases are given as 



e A y/l-b cS /r 



QVO 



1(1 + 1) 



l )(r 2 +Q 2 -b 2 ) 



2 + -(b 2 -Q 2 ) 



(3.14) 



Q 



2 - b 2 E I sin 



K-Q 2 



where E(a\f3) is the Elliptic integral of the second kind 
defined by 



(3 g)With these results, the potentials are plotted in Fig. 3 so 
that the potential for Q 2 ^ is above the potential for 
Q 2 = 0. For the relation between r* and r, 



E(a |/3)= / Jl -/3sin 2 9d6. 
Jq 



(3.7) 



With the substitution Eq. (3.5), the potential will be 

2Q 2 



Vi(r) 



Q 2 
r 4 



1 -^)^o-Q 2 ) 



(3.8) 



If we examine the proper length r* and potential Vi for 
the limit of infinite distance (r — > oo) and near the throat 
of the wormhole (r 2 — > 6g — Q 2 ), we can figure out the 
rough form of the potential. Since 
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FIG. 3. Potentials for charged (Q 2 ^ 0) and uncharged 
(Q 2 — 0) wormholes. Here we set bo — 1, Q 2 = 0.5, and 
1 = 2. 



lim r* 

r — ^oo 



±00 



and 



lim r* 



0. 



(3.9) 



the proper length has the similar form to the uncharged 
case. At the asymptotic region, the potential approach 



lim V(r),V(r*) = 0. 



(3.10) 



Since 



dV _ dV dr 
dr* dr dr* 



dV 
dr 



91 



b 2 n , Q 2 



(3.11) 



and 4^ = when = 0, the potential at the throat 
has a finite common maximum value as 



-2 
-3 



-Q^>0 
■ 2 = 



FIG. 4. The relation between r and r* for charged(Q 2 7^ 0) 
and uncharged(Q 2 = 0) wormholes. Here we set 60 = 1 and 
Q 2 = 0.5. 



lim V(r),V(r*) = V(r)\ max ,V(n)U 



(3.12) 



5 



dr* 
dr 



Q 2 



< 



-1/2 



Q 2 



-1/2 



nv 

^Iq==o (3.15) 



and 



is plotted in Fig. 4. It is bas ed on the relations of r, 
r, i.e., Eqs. ( 2.11 ) and (3^6) for charged and uncharged 
wormhole. At asymptotic region, linv^oo r* = ±r in 
both cases. 

Since Vq^m > Vq2 =0 in the form of the poten- 



tials, the transmission coefficient is \T\ 



_2^ ^ I- 1 IQ 2 =0' 

which seems that the scalar wave can transmit harder in 
charged wormhole than neutral uncharged wormhole. 

As r — > oo neglecting the terms 0(r -4 ), the equation 
becomes as 



d u 
dr 2 



Lu 2 (b 2 ~3Q 2 ) 1(1 + 1) 



Since the &q term is simply replaced by &q — 3Q 2 
scattering cross section should be 



[1] M. S. Morris and K. S. Thorne, Am. J. Phys. 56, 395 
(1988). 

[2] S.-W. Kim, Gravitation & Cosmology, 6, 1 (2000). 
[3] S.-W. Kim and H. Lee, to be published in Phys. Rev. D. 
(2001). 

[4] S. Kar, D. Sahdev, and B. Bhawal, Phy. Rev. D 49, 853 
(1994). 

[5] S. Kar, S. N. Minwalla, D. Mishra, and D. Sahdev, Phy. 

Rev. D 51, 1632 (1995). 
[6] S. E. P. Bergliaffa and K. E. Hibberd, Phy. Rev. D 62, 
044045 (2000). 

[7] D. Torres, G. Romero, and L. Anchordoqui, Phy. Rev. D 

58, 123001 (1998). 
[8] S.-W. Kim and S. P. Kim, Phys. Rev. D 58, 087703 
(1998). 

[9] J. A. H. Futteman, F. A. Hander, and R. A. Matzner, 
Scattering from Black Holes (Cambridge University 
Press, Cambridge, 1988). 

0. (3.16) 

[10] For example, F. Constantinescu and E. Magyari, Prob- 
lems in Quantum Mechanics (Pergamon Press, Oxford, 

the 1976 )- 



< IT 



da 

dn 



\f(0)\ 2 



A; 2 (fr 2 -3Q 2 ) 2 da 
16 sin 2 % < dn l 



(3.17) 



In case of wormhole with scalar field , because only A = 
is considered as we see in Eq. (3^4), the term 6g — 3Q 2 
for electrically charged case is just 6g — a for scalar field 
case, so that the cross section should be 



da 7t 2 w 2 (6q 
dfl ~~ 16 sin 



a 



2 e 



da 

< dn la =°- 



(3.18) 



Of course, the interaction of the wave with the scalar 
field is neglected here. In both cases, cross sections are 
reduced by the charge effect. 



IV. DISCUSSION 



Here we studied the scattering problem for the scalar 
wave in static uncharged and charged wormholes. The 
interactions of the scalar wave with the charge are ne- 
glected. If we consider them, the effect would make sense. 
The scattering cross sections are found and the charge ef- 
fects are examined in this scattering problem. As further 
research, we will try other waves for various wormholes, 
such as the rotating wormhole and cosmological model 
with wormhole. 
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